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We study the evolution of a spin-s system described by the long-range zz-type
Ising interaction. The Fubini-Study metric of the quantum state manifold defined
by this evolution is obtained. We explore the topology of this manifold and show
that it corresponds to a sphere. Exploration of the Riemannian curvature allows
us to determine the manifold geometry. Also we calculate the speed of evolution of
the system and represent the curvature by means of this speed. This is important
for an experimental measurement of the curvature. The conditions for achieving
the minimal and maximal values of the speed of evolution are obtained. Also we
examine the geometry of state manifold and speed of evolution of spin system in
the thermodynamic limit. We propose the physical system of methane molecule
for application of our considerations. Finally, we study the influence of an external
magnetic field on the metric of state manifold and on the speed of evolution. In
this case we obtain the conditions for achieving the minimal possible speed of
evolution. For some predefined initial states the orientations of magnetic fields to
reach the minimal and maximal values of the speed are found.
PACS number: 03.65.Aa, 03.65.Ca
1 Introduction
Information about the geometry of a quantum state manifold plays a crucial
role in studying properties of quantum systems [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12]. This information often allows to simplify the study of many problems
concerning quantum dynamics [14, 13, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32], quantum speed limits [34, 35, 36, 37, 38, 39, 33],
quantum entanglement [40, 41, 42, 43, 44, 52, 53, 54, 55, 56, 57, 58], quantum
computations [15, 16, 17, 18, 19, 45, 46, 47, 48, 49, 50, 51, 59, 60, 61, 62, 63],
etc. In [1] it was shown that the distance which the system passes during
the quantum evolution along a given curve in the projective Hilbert space is
related to the integral of the uncertainty of energy that in turn is connected
with the speed of evolution. Indeed, this distance can be obtained from the
definition of the Fubini-Study metric [2, 3, 4, 6, 64, 65, 66, 67, 68]. The
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Fubini-Study metric is defined by the infinitesimal distance ds between two
neighboring pure quantum states |ψ(ξµ)〉 and |ψ(ξµ + dξµ)〉:
ds2 = gµνdξ
µdξν , (1)
where ξµ is a set of real parameters which define the state |ψ(ξµ)〉. This
state satisfies the following normalization condition 〈ψ(ξµ)|ψ(ξµ)〉 = 1. Each
of these parameters is determined by certain ranges of values. So, the state
|ψ(ξµ)〉 is a function of parameter ξµ which take the values from a certain
ranges. In turn, the number of these parameters and their ranges define the
dimension, size and topological properties of the quantum state manifold.
Each point on this manifold corresponds to a particular quantum state with
a predefined set of parameters. For instance, two real parameters are enough
to define an arbitrary state of two-level quantum system. For this purpose,
such state is often parameterized by spherical angles θ, φ which take the
values from the ranges θ ∈ [0, π], φ ∈ [0, 2π], respectively. The manifold
which contains all states of this system is a sphere with unit radius (Bloch
sphere) (see [4, 6, 24, 25, 26]). The components of the metric tensor gµν
which are present in formula (1) have the form
gµν = γ
2ℜ (〈ψµ|ψν〉 − 〈ψµ|ψ〉〈ψ|ψν〉) , (2)
where γ is a scale factor, which is often chosen to have the value of 1,
√
2 or
2, and
|ψµ〉 = ∂
∂ξµ
|ψ〉. (3)
The metric defined by expression (1) is valid for quantum systems of different
dimensionality of Hilbert space including infinite-dimensional case [2]. It is
important to note that in paper [69] the methods for measuring the metric
tensor of a quantum ground state manifold was proposed. As an example,
the results were obtained for the quantum XY chain in a transverse magnetic
field. Recently, the generic protocol to experimentally measure the quantum
metric tensor was proposed in paper [70].
So, the distance which the system passes during the period t is defined
by equation
s =
∫ t
0
√
gt′t′dt
′, (4)
where
gt′t′ = γ
2〈ψ(t′)| (∆H)2 |ψ(t′)〉. (5)
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Here ∆H = H − 〈ψ(t′)|H|ψ(t′)〉 is the energy uncertainty and |ψ(t′)〉 is the
state which the system reaches during the time t′. We set h¯ = 1, which
means that the energy is measured in the frequency units. Finally, the speed
of evolution is given by the Anandan-Aharonov relation [1]
v =
√
gt′t′ . (6)
So, the information about the metric of quantum state manifold which con-
tains all states the system can reach during the evolution allows to calculate
the speed of this evolution. In other words, this speed determines the distance
that the system passes between two neighboring quantum states during a cer-
tain period of time. As we can see from equations (6) and (5), it is defined
by the Hamiltonian parameters. This fact allows to measure it on experi-
ment, which, in turn, is important for finding the time of evolution between
two predefined quantum states. As a results, we can estimate the time that
the system spends to reach the required state. Also, it is important to note
that the states, which the system can reach during the evolution, are defined
by the initial state and the form of the Hamiltonian. These conditions set
the quantum state manifold of this system. Thus, for the preparation of a
required quantum state on a particular system, it is important to find the
speed of evolution and to set the structure of the state manifold. This knowl-
edge is useful in the study of different problems of quantum mechanics we
mention at the beginning of this section.
In our previous paper [58] we considered the spin-1/2 system described
by the long-range zz-type Ising model. The topology and geometry of the
quantum state manifold of this system was studied. Also we investigated
the entanglement of the states, which belong to this manifold, and obtained
relation between the scalar curvature of the manifold and value of entan-
glement. In the present paper we consider the spin-s system described by
the zz-type Ising Hamiltonian with long-range interaction (Section 2). We
study the geometry of the manifold which contains all states the system can
reach during the evolution having started from the initial state projected
along the positive direction of some unit vector (Section 3). We show that
this manifold has the topology of sphere. In Section 4 the speed of evolu-
tion is examined. As a result, the curvature of the manifold is expressed by
the speed of evolution. Also we examine the geometry of the quantum state
manifold and the speed of evolution of the spin system in the thermodynamic
limit (Section 5). The results are considered on the physical system of the
methane molecule (Section 6). So, for this system we obtain the behavior of
the speed of evolution and dependence of the scalar curvature of the state
manifold on this speed. Finally, we examine the influence of the external
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magnetic field on metric of the manifold (Section 7). Also we obtain the con-
ditions for achieving the minimal possible speed of evolution for a predefined
initial state. The orientations of the magnetic field for reaching the minimal
and maximal values of speed for some initial states are found. Conclusions
are presented in Section 8.
2 The long-range Ising-type model
We consider the N spin-s system with long-range interaction described by
the zz-type Ising Hamiltonian
H = 2J
∑
1≤i<j≤N
Szi S
z
j , (7)
where J is the interaction coupling, N is the number of spins, and Szi is the
z-component of the spin operator which is defined by the following equation
Szi |mi〉 = mi|mi〉. (8)
Here mi = −s,−s + 1, . . . , s are the values of projection of the ith spin on
z axis, and |mi〉 are the corresponding eigenstates. Also it should be noted
that the components of spin-s operators Sxi , S
y
i and S
z
i satisfy the following
algebra [
Sαi , S
β
j
]
= iδij
∑
γ=x,y,z
ǫαβγSγi , (9)
where ǫαβγ denotes the Levi-Civita symbol and δij is the Kronecker delta.
The spin components Sxi and S
y
i act on eigenstate |mi〉 of Szi as follows
Sxi |mi〉 =
1
2
(√
s(s+ 1)−mi(mi + 1)|mi + 1〉
+
√
s(s+ 1)−mi(mi − 1)|mi − 1〉
)
,
Syi |mi〉 =
1
2i
(√
s(s+ 1)−mi(mi + 1)|mi + 1〉
−
√
s(s+ 1)−mi(mi − 1)|mi − 1〉
)
, (10)
where we use the representation of spin component operators through the
ladder operators as follows Sxi = 1/2
(
S+i + S
−
i
)
, Syi = 1/(2i)
(
S+i − S−i
)
.
The eigenstates of Hamiltonian (7) are in general superpositions of all states
|mi〉.
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The arbitrary state of the N spin-s system can be decomposed by the
eigenstates which satisfy equation (8) as follows
|ψ〉 =
∑
m1,m2,...,mN
am1,m2,...,mN |m1, m2, . . . , mN〉 (11)
with the following normalization condition
∑
m1,m2,...,mN
|am1,m2,...,mN |2 = 1.
Then the evolution of this state under the action of Hamiltonian (7) takes
the form
e−iHt|ψ〉 =
∑
m1,m2,...,mN
am1,m2,...,mN e
−i2χ
∑
1≤i<j≤N mimj |m1, m2, . . . , mN 〉. (12)
Here χ = Jt is a variable parameter which depends on t, because interac-
tion coupling J has a predefined value. From the analysis of state (12) we
obtain that it is periodic with respect to parameter χ ∈ [0, χmax], where
χmax = 2π for half-integer s and χmax = π for integer s. So, let us study
the geometry of a manifold which contains the states reached during the evo-
lution of system having started from the initial state, where all spins have
maximal values s of projection on the positive direction of the unit vector
n = (sin θ cosφ, sin θ sinφ, cos θ). This means that all spins of the system
in the initial state are directed along the positive direction of unit vector n
and have a maximal value of projection. Here θ and φ are the polar and
azimuthal angles, respectively. This state is called a polarized product state.
To simplify further calculations we express this state as follows
|ψI〉 = e−iφ
∑N
i=1 S
z
i e−iθ
∑N
i=1 S
y
i |s, s, . . . , s〉. (13)
It can be easily prepared when the spin system is placed in the strong mag-
netic field (h ≫ J) directed along the unit vector n, where h is the value
of interaction between the magnetic field and each spin (see, for instance,
[73]). The ground state of such system has the required form (13). Then the
evolution of the system can be expressed as follows
|ψ(t)〉 = e−i2χ
∑
1≤i<j≤N S
z
i S
z
j e−iφ
∑N
i=1 S
z
i e−iθ
∑N
i=1 S
y
i |s, s, . . . , s〉. (14)
3 The geometry of quantum state manifold
To study the geometry of quantum state manifold we calculate its Fubini-
Study metric. For this purpose we use definition (2) for state (14) with
respect to parameters χ, θ and φ. So, using the fact
eiθ
∑N
j=1 S
y
j Szi e
−iθ
∑N
j=1 S
y
j = Szi cos θ − Sxi sin θ, (15)
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which follows from the Baker-Campbell-Hausdorff formula and properties of
spin operator algebra (9) we calculate the components of metric tensor
gθθ = γ
2
Ns
2
, gφφ = γ
2
Ns
2
sin2 θ,
gχχ = γ
2N(N − 1)s2 sin2 θ
[
2s (N − 1)−
(
2s (N − 1)− 1
2
)
sin2 θ
]
,
gθφ = 0, gθχ = 0, gφχ = γ
2N(N − 1)s2 cos θ sin2 θ. (16)
The detailed derivation of this metric is presented in Appendix A. As we
can see, the components of metric tensor depend only on parameter θ. Let
us explore the geometry of this manifold in detail. If the parameter χ is
fixed then we have the manifold which contains all possible initials states.
It has the geometry of a sphere with radius γ
√
Ns/2 (for instance, see,
[22, 71, 72]). Also it is easy to see that the manifolds with different certain
φ have the same geometry. These manifolds are defined by two parameters
θ and χ. They contain all the states which the system reaches during the
evolution. To analyse the topology of these manifolds we calculate their
scalar curvature. Using the fact that they have a two-parametric diagonal
metric, which depends only on parameter θ, we represent the scalar curvature
in the form [74]
R =
2Rθχθχ
gθθgχχ
, (17)
where
Rθχθχ = −1
2
∂2gχχ
∂θ2
+
1
4gχχ
(
∂gχχ
∂θ
)2
(18)
is the Riemann curvature tensor. Now we substitute the components of
metric tensor (16) into (17) and after simplifications obtain that
R =
8
γ2Ns
(
2− (4(N − 1)s− 1) cos
2 θ + 2(N − 1)s+ 1
[(4(N − 1)s− 1) cos2 θ + 1]2
)
. (19)
As we can see from this expression, for N > 2 and s = 1/2 or for s > 1/2
the areas with negative curvature with minimum at θ = π/2 appears on the
manifold. The minimal value of curvature is determined by the expression
Rmin =
8
γ2Ns
(1− 2(N − 1)s). (20)
Near the points with θ = 0 and π we obtain the maximal value of the
curvature. For the case of N > 2 and s > 1/2 we do not know anything
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about the values of curvature in these point because they are singular and
the manifold at them is not a differentiable. However, in all other points it
is differentiable. Also the dependence of R on θ is symmetric with respect
to minimum of the curvature. For example, the dependence of the scalar
curvature for some N and s is shown in Figure 1.
Figure 1: The dependence of scalar curvature on θ (19). Results are presented
for different numbers and values of spins: N = 2, s = 1/2 (solid curve),
N = 3, s = 1 (dashed curve), N = 6, s = 3/2 (dash-dotted curve) and
N = 9, s = 2 (dotted curve). Here γ = 1.
Now let us determine the topology of state manifold. For this purpose
we use the Gauss-Bonnet theorem and taking into account that for N > 2
and s > 1/2 this manifold has an angular defects near the points with θ = 0
and π. In this case the Gauss-Bonnet theorem takes the form∫
M
R
2
√
gdA+∆ = 2πX(M), (21)
where
√
gdA is the element of area of the manifoldM , g is the determinant of
the metric tensor, ∆ defines the contribution of angular defects and X(M)
is the Euler characteristic of the manifold. Using the fact that θ ∈ [0, π],
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χ ∈ [0, χmax] the integral in formula (21) takes the value 4χmax(N−1)s. The
angular defects are located very close to the point θ = 0 and π. This fact
allows to rewrite the metric in these areas as follows
gθθ = γ
2
Ns
2
, gχχ = 2γ
2N(N − 1)2s3θ2, gθχ = 0 (22)
and obtain that
∆ = 2
(
2π −
√
gχχχmax√
gθθθ
)
= 2 (2π − 2(N − 1)sχmax) . (23)
Multiplier 2 means that the manifold has two angular defects. The detailed
derivation of formula (23) is presented in Appendix B. The components of
the metric tensor which appear in equation (23) are defined by expressions
(22). Substituting ∆ into Gauss-Bonnet formula (21) we obtain the Euler
characteristic X(M) = 2. This means that the manifold has the topology of
the sphere. Taking into account all the above we conclude that the manifold
described by metric (16) with respect to parameters θ ∈ [0, π] and χ ∈
[0, χmax] is closed and has a dumbbell-shape structure for N > 2 and s = 1/2
or for s > 1/2. It has the concave part with the centerline at θ = π/2 and is
symmetric with respect to it.
4 Speed of evolution
Now using definition of the speed of evolution (6) with ”χχ” component of
the metric tensor we obtain the equation for the speed of evolution of the
spin system defined by Hamiltonian (7) in the form
v = |J |√gχχ. (24)
Note that the speed of evolution can contain terms which are proportional to
N2. This fact follows from definitions (5), (6) and structure of Hamiltonian
(7). However, in our case the maximal power of N is 3/2. This is because the
terms with N2 cancel, which is provided by the structure of scalar products
〈ψ|ψχ〉 and 〈ψχ|ψχ〉 (see expression (A2) in Appendix A). We can see that
this speed depends on parameter θ and does not depend on parameters χ
and φ. The distance which the system passes during the evolution is the
following
s =
√
gχχχ. (25)
8
Figure 2: The dependence of the speed of evolution on θ (24). Results are
presented for different numbers and values of spins: N = 2, s = 1/2 (solid
curve), N = 3, s = 1 (dashed curve), N = 6, s = 3/2 (dash-dotted curve)
and N = 9, s = 2 (dotted curve). Here γ = 1 and J = 1.
Let us calculate the maximal and minimal values of the speed. For this
purpose we find the extremum of gχχ with respect to θ. Using the fact that
θ ∈ [0, π] we obtain that at the points θ = 0 and π the speed has the minimal
value vmin = 0, at the point θ = π/2 it has the local minimum
vpi/2 = |J |γs
√
N(N − 1)
2
(26)
and at the two symmetric points which are defined by the equation
sin2 θmax =
(N − 1)s
2(N − 1)s− 1/2 (27)
it has the maximum
vmax = |J |γ(N − 1)s2
√
N(N − 1)
2(N − 1)s− 1/2 . (28)
9
Figure 3: The dependence of the scalar curvature on speed of evolution. Re-
sults are presented for different numbers and values of spins: N = 2, s = 1/2
(solid curve), N = 3, s = 1 (dashed curve), N = 6, s = 3/2 (dash-dotted
curve) and N = 9, s = 2 (dotted curve). Here γ = 1.
However if N = 2 and s = 1/2 the speed has one maximum at θ = π/2. The
dependence of the speed of evolution on parameter θ for different numbers
and values of spins is shown in Figure 2.
Using the fact that the speed of evolution (24) and Riemannian curvature
(19) depend on the parameter θ we can express the curvature by the speed
v. In turn this means that the curvature of manifold can be experimentally
measured because the speed of evolution is defined by the energy uncertainty
(see (6) with (5)). So, from equation (24) with (16) we obtain
sin2 θ = sin2 θmax

1∓
√
1−
(
v
vmax
)2 . (29)
The expression with upper sign corresponds to the ranges θ ∈ [0, θmax], θ ∈
[π − θmax, π], when the speed of evolution varies as follows v ∈ [0, vmax], and
the expression with lower sign corresponds to the range θ ∈ [θmax, π− θmax],
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when the speed of evolution varies as follows v ∈ [vmax, vpi/2], v ∈ [vpi/2, vmax].
Then substituting these expressions into (19) we obtain the dependence of
the scalar curvature on the speed of evolution for the first and second ranges
R =
8
γ2Ns

2−
2±
√
1−
(
v
vmax
)2
2(N − 1)s
(
1±
√
1−
(
v
vmax
)2)2

 , (30)
respectively. The dependence of the scalar curvature on the speed of evolu-
tion for some N and s is depicted in Figure 3.
5 Geometry and speed of evolution of the
spin system in the thermodynamic limit
It is important to consider the behavior of a many-body system in thermody-
namic limit. Therefore, in this section we study the geometry of the quantum
state manifold and speed of evolution of the system defined by Hamiltonian
(7) in the case of N →∞. For this purpose we divide the coupling constant
J in Hamiltonian (7) by the number of spins N , so that the energy per spin
of the system remains finite in thermodynamic limit. Then the metric of the
system is defined by expression (16) with new gχχ component, which addi-
tionally has a multiplier 1/N2, and gφχ component, which additionally has
a multiplier 1/N . The rescaling of the coupling constant does not influence
the scalar curvature of the manifold. Thus, expression (19) also describes the
Riemannian curvature in the thermodynamic limit. It is easy to see that if
N →∞ then the scalar curvature tends to zero (R→ 0) at all points of the
state manifold except the points with θ = π/2. This is due to the fact that
an increase in the number of spins in the system leads to the inflation of the
quantum state manifold and it becomes flattened. Also the dumbbell-shape
structure of the manifold provides the concave part with the centerline at
θ = π/2 which in the thermodynamic limits narrows to the closed line at
θ = π/2. Then the curvature on this line takes the value −16/γ2. In fact,
this line is the boundary between two very inflated parts of a state manifold.
Because of the value of spin s is presented in the numerator and denominator
of the second term of expression (20) the curvature in the thermodynamic
limit does not depend on s. Also it is worth noting that similar results we
obtain in the case when the value of spin tends to infinity (s→∞). However,
in this case the limit value of curvature on the line with θ = π/2 depends on
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the number of spins as follows: R = −16(N − 1)/(γ2N). Then, depending
on the number of spins in system, it takes the values R ∈ [−8/γ2,−16/γ2).
We assume that the minimal number of spins in the system can be taken as
Nmin = 2.
The speed of evolution is defined by equation (24) with additionally multi-
plier 1/N . Then, in the thermodynamic limit it diverges as
v = |J |γs3/2√N sin(2θ)/√2 for all θ except θ = π/2. At θ = π/2, the
speed of evolution tends to vpi/2 = |J |γs/
√
2. Also, the maximal value of the
speed in the thermodynamic limit has the form vmax = |J |γs3/2
√
N/
√
2. The
points on the manifold corresponding to this value are given by θmax = π/4
and 3π/4.
6 Application to the physical system of the
methane molecule
The results which we obtain in the present paper can be used for the explo-
ration of quantum state manifolds of different physical systems. Information
about the geometry properties of this manifolds are essential for implemen-
tation of quantum computations [15, 16, 17, 18, 19, 45, 46, 47, 48, 49, 50, 51].
The authors of papers [15, 16, 17, 18, 19] showed that the problem of finding
an optimal quantum circuit of a unitary operation is closely related to the
problem of finding the minimal distance between two points on the Rieman-
nian metric. Using the geometric properties of quantum systems the experi-
mental implementation of quantum gates was proposed in papers [47, 48, 49].
In paper [51] the authors report the experimental realization of universal geo-
metric quantum gates using the solid-state spins of diamond nitrogen-vacancy
centers. We find the connection between the speed of evolution and the scalar
curvature of the spin-s zz-type Ising system with long range interaction. So,
measurement of the speed of evolution of the spin system provides the infor-
mation about the curvature of its quantum state manifold. Let us apply the
above results to real physical system.
We suggest the system of the nuclear spins of hydrogen atoms in the
methane molecule for experimental realization of our considerations. The
methane molecule consists of four atoms of 1H and one atom of 12C (Figure
4.). Each nucleus of the hydrogen atom consists of one proton and has spin
1/2. The nucleus of 12C isotope has spin 0. The structure of the methane
molecule is tetrahedral (see Figure 4). Therefore, the nuclear spins of hydro-
gen atoms mutually interact. We have the system of four spin-1/2, where
all spins interact between themselves. We assume that this interaction is
12
H
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1
H
1
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C
12
Figure 4: Structure of the methane molecule. The nuclear spins of the hy-
drogen atoms interact between themselves and do not interact with carbon
nucleus.
(a) (b)
Figure 5: The behavior of the speed of evolution (a) and the dependence of
the scalar curvature of quantum state manifold on speed of evolution (b) of
four spin-1/2 system in the methane molecule.
13
described by Ising model (7) with J = −6.2 Hz. The value of interaction
coupling between proton spins in methane was found in paper [75]. So, hav-
ing started from initial state (13) all the states reached during the evolution
of this system are located on the manifold with metric (16), where N = 4
and s = 1/2. The scalar curvature of two-parametric submanifold defined by
parameters χ and θ is the following
R =
4
γ2
(
2− 5 cos
2 θ + 4
(5 cos2 θ + 1)2
)
(31)
with minimum value −8/γ2 at θ = π/2. The relation between the curvature
and speed of evolution has form (30) with N = 4, s = 1/2 and vmax ≈ 10.19γ
Hz. In Figure 5 we show the behavior of the speed of evolution (a) and the
dependence of the manifold curvature on this speed (b). It is important
to note that similar properties have the following systems: SiH4, GeH4 and
SnH4.
7 The long-range Ising model in the arbitrary
magnetic field
In this section we study the influence of the arbitrary magnetic field on the
metric of quantum state manifold and on the speed of evolution of the spin
system. The Hamiltonian of such a system has the form
H = 2J
∑
1≤i<j≤N
Szi S
z
j + h
N∑
j=1
Sj · n′, (32)
where h is proportional to the strength of the magnetic field and the unit vec-
tor n′ = (sin θ′ cosφ′, sin θ′ sinφ′, cos θ′) defines the direction of the magnetic
field.
So, the evolution of the system having started from state (13) can be
expressed in the following form
|ψ〉 = exp
{
−i2χ
( ∑
1≤i<j≤N
Szi S
z
j +
h
2J
N∑
j=1
Sj · n′
)}
|ψI〉. (33)
In the same way as is described in Appendix A we calculate the Fubini-Study
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metric in this case. Then we obtain the metric tensor in the form
gθθ = γ
2
Ns
2
, gφφ = γ
2
Ns
2
sin2 θ,
gχχ = γ
2N(N − 1)s2 sin2 θ
[
2s (N − 1)−
(
2s (N − 1)− 1
2
)
sin2 θ
]
+γ2
(
h
J
)2
Ns
2
[
(n′ · n(θ + π/2))2 + (n′ · n(θ = π/2, φ+ π/2))2
]
−2γ2 h
J
N(N − 1)s2n′ · n(θ + π/2) cos θ sin θ,
gθφ = 0, gθχ = γ
2
h
J
Ns
2
n′ · n(θ = π/2, φ+ π/2),
gφχ = γ
2N(N − 1)s2 cos θ sin2 θ − γ2 h
J
Ns
2
n′ · n(θ + π/2) sin θ. (34)
where
n′ · n(θ + π/2) = cos θ sin θ′ cos(φ− φ′)− sin θ cos θ′,
n′ · n(θ = π/2, φ+ π/2) = − sin θ′ sin(φ− φ′).
are the scalar products between the corresponding vectors. Here n(θ, φ) is the
unit vector with the specific conditions on its coordinates. We can see that
the magnetic field adds the dependence of the metric on the parameter φ. If at
least one of the scalar products n′ ·n(θ+π/2) 6= 0 or n′ ·n(θ = π/2, φ+π/2) 6=
0 (except the case of θ′ = 0 or π) then we do not know anything about
the topology of this manifold because under the influence of the external
magnetic field the evolution of the system becomes very complicated. We
can argue that in these cases there are no points on manifold where gχχ = 0.
So, this means that the eigenstates of the system defined by Hamiltonian
(32) do not belong to the manifold. However, we can analyse the case when
the magnetic field is directed along the z-axis (θ′ = 0 or π). Then n′ · n(θ +
π/2) = ∓ sin θ and n′ ·n(θ = π/2, φ+π/2) = 0, where upper and lower signs
correspond to the cases of θ′ = 0 and π, respectively. In this case metric does
not depend on parameter φ which means that the manifolds with different
φ have the same geometry. Here the periodicity of evolution depends on the
ratio h/J . If this ratio is an irrational number the parameter takes values
χ ∈ [−∞,∞] and manifold is open with respect to this parameter. So, in
this case the manifold has the topology of an infinitely long cylinder. In
the case if ratio h/J is a rational number p/q then the evolution is periodic
with respect to χ ∈ [0, qχmax], where p and q are coprime integers. Here the
manifold has the topology of sphere. Similarly as in the case considered in
the previous sections this manifold also have the angular defects in points
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with θ = 0 and π. As an example, for this case the influence of the magnetic
field on the scalar curvature of state manifold is shown in Figure 6. As we
can see that the magnetic field deforms the manifold. In the case of J > 0
the concavity is shifted to the right or left side with respect to parameter θ
when the magnetic field is directed along the positive or negative direction
of z-axis, respectively, and vice versa in the case of J < 0. Also the magnetic
field changes the maximal and minimal values of curvature.
Figure 6: The influence of magnetic field on scalar curvature for the case
when magnetic field is directed along the z-axis. Results are presented for
six spin-3/2 system and different values of magnetic fields: h/J = 0 (solid
curve), h/J = 3 (dashed curve) and h/J = 10 (dash-dotted curve). The
magnetic field deforms the manifold. In the case of J > 0 the concavity is
shifted to the right or left side when the magnetic field is directed along the
positive or negative direction of z-axis, respectively, and vice versa in the
case of J < 0. Here γ = 1.
Let us study the speed of evolution of the spin system described by Hamil-
tonian (32). Similarly as in the previous case the speed and the distance of
evolution are determined by expressions (24) and (25) with gχχ from (34), re-
spectively. To obtain the optimal directions of the magnetic field, for achiev-
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ing the maximal and minimal values of speed, the component gχχ needs to be
explored on an extremum with respect to θ′ and φ′. From (34) it follows the
fact that the higher ratio h/J the greater speed of evolution. Also there is a
value of magnetic field which allows the system with predefined parameters
to evolve with the minimal speed. This value is determined by the following
expression(
h
J
)
min
=
(N − 1)s sin 2θn′ · n(θ + π/2)
(n′ · n(θ + π/2))2 + (n′ · n(θ = π/2, φ+ π/2))2 . (35)
Then the speed of evolution takes the form
vmin = |J |γs
√
N(N − 1)
2
[
sin4 θ
+(N − 1)s sin2 2θ (n
′ · n(θ = π/2, φ+ π/2))2
(n′ · n(θ + π/2))2 + (n′ · n(θ = π/2, φ+ π/2))2
]1/2
.(36)
It is easy to see that the minimal possible value of speed we can reach when
n′ · n(θ = π/2, φ+ π/2) = 0 that corresponds to θ′ = 0, π or φ′ − φ = 0, π.
So, we obtain that
vmin = |J |γs
√
N(N − 1)
2
sin2 θ (37)
and that the value of the magnetic field is(
h
J
)
min
=
(N − 1)s sin 2θ
n′ · n(θ + π/2) . (38)
Finding the conditions for achieving the maximal value of speed in gen-
eral case is a very difficult problem. Therefore we consider the some par-
ticular cases of initial states. Let us, as an example, obtain the conditions
for achieving the minimal and maximal speeds of evolution for predefined
initial states. First of all we consider the situation when the initial state
is projected on the positive θ = 0 or negative θ = π direction of the z-
axis. Then the speed of evolution has the form v = |J |γ(h/J)√Ns/2 sin θ′.
So, we obtain that the minimal speed vmin = 0 is reached for θ
′ = 0 or
π and maximal value of speed vmax = |J |γ(h/J)
√
Ns/2 is obtained when
θ′ = π/2. In the first case the magnetic field is directed along the z-axis
and this means that the initial state is an eigenstate of the system. In the
second case the magnetic field located in the orthogonal plane to the ini-
tial states. Another situation we obtain when the initial state is prepared
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in the xy-plane (θ = π/2). Then the speed of evolution takes the form
v = |J |γ√Ns/2√(N − 1)s+ (h/J)2 (1− sin2 θ′ cos2(φ′ − φ)). We obtain
the minimal speed vmin = |J |γs
√
N(N − 1)/2 if θ′ = π/2, φ′ − φ = 0 or
π, and the maximal speed vmax = |J |γ
√
Ns/2
√
(N − 1)s+ (h/J)2 when
θ′ = 0, π or φ′ − φ = π/2, 3π/2. Finally, let us consider the situation when
θ = π/4. Here it is difficult to make calculation in general case. Therefore,
for example, we consider the case of h/J = 1, s = 1, N = 4 and obtain that
vmin = |J |γ
√
19/2 if θ′ = 3π/4, φ′ = φ, and vmax = |J |γ
√
67/2 if θ′ = π/4,
φ′ = φ− π.
8 Conclusions
We studied the evolution of N arbitrary spin-s system described by long-
range zz-type Ising model having started from the initial state projected on
the positive direction of the unit vector. The final state depends on two
spherical angles which define the initial state and on the period of time of
evolution. We calculated the Fubini-Study metric with respect to these pa-
rameters (16). This fact allowed us to analyse the geometry of manifold
which contains all states reaching during the evolution. We obtained that
the parameters of metric tensor do not depend on the azimuthal angle. This
means that the manifolds with different azimuthal angles have a some ge-
ometry. So, we explored the geometry of a two-parametric manifold with
a predefined azimuthal angle. From the analysis of the Riemannian curva-
ture and periodic conditions on the state parameters we conclude that the
manifold is closed and has the topology of the sphere. Also for N > 2 and
s = 1/2 or for s > 1/2 the manifold has a dumbbell-shape structure. It has
the concave part with the centerline with respect to polar angle.
The speed of evolution of the system on quantum state manifold was
studied. It was obtained the conditions on the initial state for achieving
the maximal and minimal values of speed. The dependence of the scalar
curvature on the speed of evolution was obtained (30). This fact allows to
experimentally measure the curvature of quantum state manifold through the
speed of evolution. We suggested the physical system of methane molecule
for application of these considerations. The four protons of hydrogen atoms
have a tetrahedral structure that allows of their spins mutually interact. So,
for this system we obtained the behavior of the speed of evolution and the
dependence of scalar curvature on this speed.
Also we studied the geometry of the quantum state manifold and speed
of evolution of the system in the thermodynamic limit (N → ∞). For this
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purpose we divided the coupling constant J by the number of spins, so that
the energy per spin remains finite. Such rescaling does not influence the form
of scalar curvature of the quantum state manifold. Therefore, in this case the
scalar curvature is also determined by equation (19). It is easy to see that
in the thermodynamic limit the scalar curvature tends to zero in all points
of the state manifold except the points with θ = π/2. So, an increase in the
number of spins of the system leads to the inflation of the state manifold
and it becomes flattened. Also, due to the dumbbell-shape structure of state
manifold, it has the concave part, which in the thermodynamic limit becomes
the closed line at θ = π/2. The scalar curvature of all points on this line
takes the value −16/γ2. Such structure of the quantum state manifold causes
the divergence of the speed of evolution in all points of the manifold except
the points with θ = π/2. At these points, in the thermodynamic limit the
speed of evolution diverges as
√
N . On the line with θ = π/2 the speed of
evolution has a finite value |J |γs/√2.
Finally, we explored the influence of an external magnetic field directed
along the some axis on the metric of state manifold. It was obtained that
the presence of magnetic field changes the metric of manifold. However, we
do not know anything about the topology of this manifold (except the case
when magnetic field is directed along the z-axis) because the evolution of
the system becomes very complicated. In this case we can argue that under
the influence of the magnetic field there are no points on manifold where
gχχ = 0. So, this means that the eigenstates of the system do not belong
to the manifold. Also we analysed the influence of magnetic field on the
topology of manifold when the magnetic field is directed along the z-axis. In
this case we obtained that when the ratio between the values of magnetic
field and interaction coupling is irrational number then the manifold has a
topology of infinitely long cylinder, otherwise the manifold remains similar
to the sphere.
Also the conditions on magnetic field (38) which allow to reach the min-
imal possible speed of evolution (37) for predefined initial state was found.
As an example, for some predefined initial states the conditions for achieving
the minimal and maximal speed of evolution were calculated.
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Appendices
A Derivation of the metric tensor
In this appendix we in detail explain how to calculate the metric tensor of
the manifold defined by the state (14). This state depends on three real
parameters χ, θ and φ which determine the manifold of quantum states.
Each point on this manifold corresponds to the state with predefined set
of parameters. To obtain the components of metric tensor first of all we
calculate the derivatives of state (14) with respect to parameters χ, θ and
φ and then combine the scalar products which are included in the definition
(2). So, the derivatives have the form
|ψχ〉 = −i2
∑
1≤i<j≤N
Szi S
z
j e
−i2χ
∑
1≤i<j≤N S
z
i S
z
j e−iφ
∑N
i=1 S
z
i e−iθ
∑N
i=1 S
y
i |s, s, . . . , s〉
|ψθ〉 = −ie−i2χ
∑
1≤i<j≤N S
z
i S
z
j e−iφ
∑N
i=1 S
z
i
N∑
i=1
Syi e
−iθ
∑N
i=1 S
y
i |s, s, . . . , s〉
|ψφ〉 = −i
N∑
i=1
Szi e
−i2χ
∑
1≤i<j≤N S
z
i S
z
j e−iφ
∑N
i=1 S
z
i e−iθ
∑N
i=1 S
y
i |s, s, . . . , s〉. (A1)
Using equations (10) and (15) we easily calculate the scalar products
〈ψ|ψχ〉 = −iN(N − 1)s2 cos2 θ, 〈ψ|ψθ〉 = 0, 〈ψ|ψφ〉 = −iNs cos θ,
〈ψχ|ψχ〉 = N2s4(N − 1)2 cos4 θ + 2N(N − 1)2s3 sin2 θ cos2 θ
+
1
2
N(N − 1)s2 sin4 θ, 〈ψχ|ψθ〉 = −iN(N − 1)s2 sin θ cos θ,
〈ψχ|ψφ〉 = N2(N − 1)s3 cos3 θ +N(N − 1)s2 sin2 θ cos θ,
〈ψθ|ψθ〉 = Ns
2
, 〈ψθ|ψφ〉 = i
2
Ns sin θ,
〈ψφ|ψφ〉 = N2s2 cos2 θ + 1
2
Ns sin2 θ. (A2)
Now substituting these products in definition (2) we obtain the metric tensor
(16).
B Calculation of the angular defect
In this appendix we obtain the formula (23) that defines the contribution of
the angular defects in the Gauss-Bonnet theorem (21). The manifold defined
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by metric tensor (16) has a two singular points at θ = 0 and π. Near this
points the manifold has an angular defects which have the form of cones. It
is easy to see if we write the metric for these areas. Since these areas are
close to the singular points, we can write the metric to the second order of θ
(22). So, using this considerations, let us obtain the equation which allows
to calculate the angular defect near the singular point. The angular defect
can be defined as a difference between the angle 2π and the angle which the
system passed during the one period around the singular point
∆ = 2π − sχmax
r
, (A3)
where sχmax is the distance which the system passes during this period and
r is the distance between the system trajectory and the singular point. To
calculate sχmax/r we use the formula (4) with gχχ from metric (22). Thus,
during the one period (t = χmax/J) the system passes the following distance
sχmax =
√
gχχχmax =
√
2γ(N − 1)s
√
Nsθχmax. (A4)
Using gθθ from metric (22) we can write r in the form
r =
√
gθθθ = γ
√
Ns
2
θ. (A5)
So, substituting expressions (A4), (A5) in definition (A3) and taking into
account that the manifold defined by metric (16) has a two angular defects
we obtain formula (23).
25
